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Abstract 

We establish a new class of integrable systems of Kowalevski type, as- 
sociated with discriminantly separable polynomials of degree two in each 
of three variables. Defining property of such polynomials, that all discrim- 
inants as polynomials of two variables are factorized as products of two 
polynomials of one variable each (denote one of the polynomial compo- 
nents as P), lead to an effective integration procedure. In the motivating 
example, the celebrated Kowalevski top, the discriminant separability is 
a property of the polynomial defining the Kowalevski fundamental equa- 
tion. We construct several new examples of systems of Kowalevski type, 
and we perform their explicit integration in genus two theta-functions. 
One of the main tasks of the paper is to classify such discriminantly sep- 
arable polynomials. Our classification is based on the study of structures 
of zeros of a polynomial component P of a discriminant. 

From a geometric point of view, such a classification is related to the 
types of pencils of conies. We construct also discrete integrable systems 
on quad-graphs associated with discriminantly separable polynomials. We 
establish a relationship between our classification and the classification 
of integrable quad-graphs which has been suggested recently by Adler, 
Bobenko and Suris. As a fit back, we get a geometric interpretation 
of their results in terms of pencils of conies, and in the case of general 
position, when all four zeros of the polynomial P are distinct, we get a 
connection with the Buchstaber-Novikov two- valued groups on CP^ . 
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1 Introduction 



1.1 Discriminantly separable polynomials - an overview 

The Kowalevski top [21] is one of the most celebrated integrable systems. 
There is a waste hterature dedicated to understanding of Kowalevski original 
integration procedure, to its modern versions and hidden symmetries (see for 
example [25l, l23|, [18], [26], [3], [13], [20], [H], [4], [6]). 

In a very recent paper [15j of one of the authors of the present paper, a 
new approach to the Kowalevski integration procedure has been suggested. It 
has been based on a new notion introduced therein of discriminantly separable 
polynomials. A family of such polynomials has been constructed there as pencil 
equations from the theory of conies 

J^iw, Xi,X2) ^ 0, 

where w,xi,X2 are the pencil parameter and the Darboux coordinates respec- 
tively. (For classical applications of the Darboux coordinates see Darboux's 
book [12], for modern applications see the book [IB] and [H].) The key alge- 
braic property of the pencil equation, as quadratic equation in each of three 
variables u',xi,X2 is: all three of its discriminants are expressed as products of 
two polynomials in one variable each: 

V^{F){xi,X2) = P[Xi)P{x2) 

V^,(T)(W,X2)^ J{W)P{X2) (1) 

V,,iT)iw,xi)^Pix,)J{w) 

where J, P arc polynomials of degree 3 and 4 respectively, and the elliptic curves 

T,:y^ = P{x), : y2 = J(s) 

are isomorphic (sec Proposition 1 of [15] ) . 

The so-called fundamental Kowalevski equation (sec formula (|lip below, and 
also [H], [13], [H]) 

Q{w, Xi,X2) = 0, 

appeared to be an example of a member of the family, as it was shown in [15j 
(Theorem 3). Moreover, all main steps of the Kowalevski integration now follow 
as easy and transparent logical consequences of the theory of discriminantly 
separable polynomials. Let us mention here just one relation, see Corollary 1 
from [15| (known in the context of the Kowalevski top as the Kowalevski magic 
change of variables): 

dxi dx2 

/P(^^ /P(^ 
dxi dx2 



dwi 



dw2 



(2) 
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There are two natural and important questions in this context: 

1) Are there any other discriminantly separable polynomials of degree two 
in each of three variables, beside those constructed from pencils of conies? In 
addition, the question is to perform a classification of such polynomials. 

2) Are there other integrahle dynamical systems related to discriminantly 
separable polynomials? 

The main issue of this paper is to address these two key questions. 

In order to make precise the first question, one needs to specify a gauge group 
or the classes of equivalence up to which a classification would be performed. 
This leads to the group of Mobius transformations, as introduced in Corollary 
3 of [H]: 



aiXi - 


+ 61 


CiXi - 


f di 


0-2X2 


+ 62 


C2X2 - 


f d2 


asw ^ 


- 63 


C3W -f 





(3) 



The family of discriminantly separable polynomials in three variables of de- 
gree two in each of them, constructed from pencils of conies served as a motiva- 
tion to introduce more general classes of discriminantly separable polyno- 
mials. Let us recall here the definitions from [15]: a polynomial F{xi, . . . ,Xn) 
is discriminantly separable if there exist polynomials fiixi) such that for every 
i = 1, . . . , n 

T^Xi F{x\ , . . . , Xi , . . . , Xyi ) f j {Xj ) . 

It is symmetrically discriminantly separable if 

f 2 = f ?, = ■■■ = fn, 
while it is strongly discriminantly separable if 

/i = ./2 = /s = ■ ■ ■ = /n- 

It is weakly discriminantly separable if there exist polynomials fl{xi) such that 
for every i = 1, . . . ,n 

'DxiF{xi, ...,Xi,...,Xn) = 

The classification of strongly discriminantly separable polynomials J-'{xi ,X2,X3) 
of degree two in each of three variables modulo fractional-linear transformations 
from formulae ([3]) with 

ai = (12 = as, 61 = 62 = 63, ci = C2 = C3, di = d2= d^, 
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as the gauge group, is one of the main tasks of the present paper. 

This classification is heavily based on the classification of pencils of conies 
(see [H], for example, for more details about pencils of conies). In the case 
of general position, the conies of a pencil intersect in four distinct points, and 
we code such situation with (1, 1, 1, 1), see Fig. 1. It corresponds to the case 
where polynomial P has four simple zeros. In this case, the family of strongly 
discriminantly separable polynomials coincides with the family constructed in 
[T5] from a general pencil of conies. This family, as it has been indicated in 
[T5] . corresponds to the two- valued Buchstaber-Novikov group associated with 
a cubic curve 

r2 : = J{s). 

Two- valued groups of the form (r2,Z2) have been introduced in [8]. The 
Kowalevski change of variables appeared to be an infinitesimal of the 

two- valued operation in this group, see [12]. (The theory of n valued-groups 
originates from a pioneering paper |10j . For a modern account see j7], and for 
higher-genus analogues, see [5].) 

Other cases within the classification with nonzero polynomial P correspond 
to the situation where: 

B the polynomial P has two simple zeros and one double zero, we code it 
(1, 1, 2), and the conies of the corresponding pencil intersect in two simple 
points, and they have a common tangent in the third point of intersection, 
see Fig. 2; 

C the polynomial P has two double zeros, code (2, 2), and the conies of the 
corresponding pencil intersect in two points, having a common tangent in 
each of the points of intersection, sec Fig. 3; 

D the polynomial P has one simple zero and one triple zero, (1, 3), and the 
conies of the corresponding pencil intersect in one simple point, and they 
have another common point of tangcncy of third order, see Fig. 4; 

E the polynomial P has one quadriple zero, (4), and the conies of the cor- 
responding pencil intersect in one point, having tangency of fourth order 
there, see Fig. 5. 

For more details, sec Section [01 

Referring to the second key question, about constructing other intcgrable 
dynamical systems related to discriminantly separable polynomials, wc address 
it in two main directions. First, we are constructing a new class of integrable 
continuous systems, generalizing the Kowalevski top. Thus we call the members 
of that class - the systems of Kowalevski type. The relationship with discrimi- 
nantly separable polynomials gives us possibility to perform effective integration 
procedure, and to provide an explicit integration formulae in theta-functions, in 
general associated with genus two curves, as in the original case of Kowalevski. 
Let us point out here one very important moment regarding the Kowalevski top 
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and all the systems of Kowalevski type: the main issue in integration proce- 
dures is related to the elliptic curves ri,r2 and the two- valued groups related 
to these elliptic curves, although, as we know, the final part of integration of 
the Kowalevski is related to a genus two curve. This, in a sense unexpected, 
surprising or possibly not clarified enough jump in genus from 1 to 2 is now 
explained in our Theorem [1] and it becomes a trade mark of all systems of 
Kowalevski type. 

The second line of our treatment of the second key question connects dis- 
criminantly separable polynomials of degree two in each of three variables with 
discrete integrable systems on quad-graphs. See [T] and [5] for more details 
about quad-graphs; some basic notions from there are collected in Section [Ol 
For each discriminantly separable polynomial we construct explicit discrete in- 
tegrable system in Section 15.21 Thus, we establish a natural correspondence 
between our classification of discriminantly separable polynomials of degree two 
in three variables, mentioned above and described in Section lCTl and the classifi- 
cation of integrable quad-graphs performed in [5]. This correspondence gives, as 
a fit back benefit, a geometric interpretation of constructions of Adler, Bobenko 
and Suris in terms of pencils of conies. Developing further this correspondence, 
in the case coded (1, 1, 1, 1), with a polynomial P with four distinct zeros, we 
come to the conclusion that such integrable quad-graphs are related to the two- 
valued Buchstaber-Novikov groups associated with elliptic curves, i.e. those 
defined on CP^ 



1.2 An overview of the paper 

The paper is organized as follows. In the Section [2] we introduce systems 
of Kowalevski type of differential equations by generalizing Kowalevski's con- 
siderations. In the second subsection we construct an example of such system 
and in the third subsection we give integration procedure in terms of functions 
Pi, Pij. Final formulae in terms of genus two theta- functions will follow from the 
Appendix. Following generalized Kottcr transformation from |15| , here we refor- 
mulate it for polynomials of degree three. That gives us possibility to integrate 
our examples in two ways, using properties of p-function and using generalized 
Kotter transformation. The subsections 12 . 41 and 12 . 5 1 present two methods for ob- 
taining systems of Kowalevski type by studying first integrals. The Kowalevski 
top may be seen as a special subcase, and it serves as a principle motivating 
example. 

In the Section [3] we consider a simple deformation of Kowalevski case by us- 
ing simplest linear gauge transformations and we get the Jurdjevic elasticae from 
[20] . Systems analogue to the Jurdjevic elasticae have been obtained before by 
Komarov and Kuznetsov (see [21] and [22]), and they also serve as motivating 
examples for our study of systems of Kowalevski type. We give here the explicit 
solutions of all these problems in terms of Pi, Pij functions, and ultimately, in 
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genus-two theta-functions, see the Appendix. Another system of Kowalevski 
type is constructed in the Section |4] following [24] and by use of a sequence of 
skilful tricks and identities. 

The Section [S] is devoted to the strongly discriminantly separable polynomi- 
als in three variables, of degree two in each oh them. We classify in Section [^3] 
such polynomials modulo Mobius transformations, depending on the structure 
of roots of the polynomial P, a factor of the discriminant. It appears that if 
polynomial P has four simple zeros, strongly discriminantly separable polyno- 
mials are equivalent to two- valued groups, see [3], [7], [H]- In the Section [Q] 
we explicitly construct a discrete integrable system on quad-graphs associated 
to each strongly discriminantly separable polynomial. This way, we establish a 
morphism between our classification of strongly discriminantly separable poly- 
nomials and the diagonal part of the classification table from the theory of 
integrable systems on quad-graphs of Adler, Bobenko and Suris, (see [T], [5] 
for basic facts about integrable the quad graphs). To the off-diagonal part of 
the classification table of Adler, Bobenko and Suris, we associate symmetrically 
discriminantly separable polynomials. 

The last Section [S] links our classification form Section[5]and the methods for 
obtaining systems of Kowalevski type described in the Section 12.41 and 12.51 We 
give two more examples of systems that can be integrated in the way proposed 
in Section [2^ 

Finally, in the Appendix we give explicit formulae for expressing Pi , Pij 
functions in terms of theta functions of genus two. We also show briefly the 
derivation of those formulae, following [M| , [5] . A modern account of the theory 
of theta-functions one can find for example in [17] or [27] . 

Since the main part of this paper is motivated by the Kowalevski top and 
by the Kowalevski integration procedure, and since it is the milestone of the 
classical integrable systems, we find it useful to extract some of the key moments 
of the Kowalevski work [53] , here. 



1.3 Basic lines of the Kowalevski integration procedure 

Let us recall briefly that the Kowalevski top [24] is a heavy spinning top 
rotating about a fixed point, under the conditions Ii = I2 = 2/3, /a = 1, 
Ho = zo = 0. Here (/i, /2, -^3) denote the principal moments of inertia, (xq, yo, zq) 
is the center of mass, c = Mgxo, M is the mass of the top, (p, q, r) is the vector 
of angular velocity and (71, 72, 73) are cosines of the angles between z-axis of the 
fixed coordinate system and the axes of the coordinate system that is attached 
to the top and whose origin coincides with the fixed point. 
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(5) 



Then the equations of motion take the foUowing form, see [23] , [15] : 

2p ~ qr 

2q = -pr - C73 

4) 

71 = n2 - 973 

72 P73 - rji 

73 = 971 -Pl2- 

System Q has three well known integrals of motion and a fourth integral 
discovered by Kowalevski 

2{p^ +q^)+r^ = 2c7i +6/i 
2(p7i + 972) + ?'73 = 2/ 
7? + 7I + 7I = 1 

((p + iq)^ + 71 + 172) ((p - jg)^ + 71 - ^72) = fc^- 
A change of variables 

Xi = p + iq 
X2^p - iq 
ei = xl + c(7i + Z72) 
62 = ■i;2 + c(7i - ^72) 
transforms the four first integrals ([S]) into 

= + ei + 62 
rc73 = G - X2ei — a;ie2 

2 2 771 I 2 I 2 

c 73 = -f^ + ■'3;26i + 2:162 
6162 = fc^, 



(6) 



(7) 



with 

F = 2d + xiX2{xi + X2) 

2 7,2 2 2 

— - C rC "~ X -^X^' 

From the first integrals, one gets 

{E + ei + e2){F + x^ei + x^ea) - (G - X261 - Xie2f = 
which can be rewritten in the form 

eiP{x2) + e2P{xi) + Ri{xi,X2) + k^ixi - X2f = (8) 
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Ale 



k'^, i = l,2 



where polynomial P is 

P{xi) = xfE + 2xiF + G=-xj + Qhxi 
and 

i?i(xi,X2) =EG-F^ 

^ -Glixjxl - (c^ - k^){xi + X2)^ - 4:lc{xi + X2)xiX2 + 6li(c^ - k^) - Afc^. 

Note that P from the formula above depends only on one variable, which is not 
obvious from its definition. Denote 

R{xx,X2) ~ ExiX2 + F{xi + X2) + G. 

From ([5]), Kowalevski gets 

WP{xi)e2±^P{x2)e^f = ~{xi~X2fe±2k^P{xi)P{x2)-Ri{xuX2). (9) 
After a few transformations, ^ can be written in the form 



/el ± ^62- 



[wi ± k){w2 T k), 



Xi ~ X2 Xi~ X2 

where wi, W2 are the solutions of an equation, quadratic in s: 

Q{s, Xi,X2) = [xi - X2fs^ - 2R{xi,X2)s - Ri{xi,X2) = 0. 



(10) 



(11) 



The quadratic equation ([TT|) is known as the Kowalevski fundamental equa- 
tion. The discriminant separability condition for Q{s, xi,X2) is satisfied 

V,{Q){xi,X2) ^ AP{XI)P{X2) 

V^,{Q){s,X2) = -8J{s)P{x2), V^,{Q){s,xi) - ~%J{s)P{xx) 



with 



J(s) = + ihs^ + s(c^ - fc2) + 3/i(c2 - k^) - 2l^c^. 



The equations of motion Q can be rewritten in new variables (xi, X2, ei, 62, r, 73) 
in the form: 



211 = — i/i 

212 = «/2 

ei = — mei 
62 = me2 

with two additional differential equations for f and 73, where m = and 

/i = rxi + C73, /2 = r.T2 + C73. 
One can easily check that 



(12) 
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= P(xi) + ei(xi-X2)2 

/2 - P(X2) + 62(2:1 - X2)'. 

Further integration procedure is described in [21], and in the Subsection l2.31 
we are going to develop analogue techniques for more general systems in details. 
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2 On new integrable systems of Kowalevski type 



2.1 Systems of Kowalevski type. Defintion 

Now, we arc going to introduce a class of dynamical systems, which gen- 
eralize the Kowalevski top. Instead of the Kowalevski fundamental equation 
(sec formula (|lip ). we start here from an arbitrary discriminantly separable 
polynomial of degree two in each of three variables. 

Given a discriminantly separable polynomial of the second degree in each of 
three variables 

T{xi,X2,s) := A{xi,X2)s'^ + B{xi,X2)s + C{xi,X2), (14) 

such that 

VsiJ^)ixi,X2) =B^- AAC = AP{XI)P{X2), 

and 

V,,{F){S,X2)^^P{X2)J{S) 

V,,{F){s,xi)^AP{xi)J{s). 

Suppose, that a given system in variables xi, X2, ei, 62, r, 73, after some trans- 
formations reduces to 
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2xi = -j/i 
ei = — mei 

62 = "162 

where 

/2 = P(xi) + ea(a;i,X2) 

(16) 

/I =P(x2) + e2A(xi,X2). 

Suppose additionally, that the first integrals of the initial system reduce to 
a relation 

Pix2)ei + P{xi)e2 = C{xi,X2) - eie2A{xi, X2)- (17) 

The equations for f and 73 arc not specified for the moment and m is a 
function of system's variables. 

If a system satisfies the above assumptions we will call it a system of Kowalevski 
type. As it has been pointed out in the Introduction, see formulae dH [TTJ I12I13P , 
the Kowalevski top is an example of the systems of Kowalevski type. 

The following theorem is quite general, and concerns all the systems of the 
Kowalevski type. It explains in full a subtle mechanism of a quite miracu- 
lous jump in genus, from one to two, in integration procedure, which has been 
observed in the Kowalevski top, and now it is going to be established as a 
characteristic property of the whole new class of systems. 

Theorem 1 Given a system which reduces to il5\ \16[ l-ZTp . Then the system is 
linearized on the Jacobian of the curve 

= J{z){z~k){z + k), 

where J is a polynomial factor of the discriminant of T as a polynomial in xi 
and k is a constant such that 

6162 = fc^. 

Proof. Indeed, from the equations of motion on 6^ we get 

6162 = fc^, 
with some constant k. Now, we get 

(V^/PM ± V^VP{xi)y = C{xi,X2) - k^Aixi,X2) ± 2^P{xi)Pix2)k. 
From the last relations, we get 



^\/^+V^V^ =(si~fc)(.2 + fc) 
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and 



A 



- 



= {si+k){s2-k), 



where si, S2 are the solutions of the quadratic equation 

F{xi,X2.,s) = 
in s. From the last equations we get 



A 



= - fc)(s2 + fc) + ^J{si + k){s2 - k) 



A 



v/(si - fc)(s2 + fc) - ^J{si + k){s2 - k). 



Since Si are solutions of the quadratic equation F{xi,X2, Si) = 0, using Viete 
formulae and discriminant separability condition, we get 



B 

S,+S2 = -J 



-{si - S2) 
From the last equation, we get 

(.si - S2r 

Using the last equation, we have 



v/4P(xi)F(.T2) 
A 



A^ 



(18) 



{Sl - S2)2 

Pj^l) 
(Sl - S2)2 

{si-s2r 



{si-S2r+4e,^A 



(si - S2)^ + (V(si-^)(s2 + /e) + Visi + k){s2 - fc))' 



V(si - fc)(si + fc) + v/(s2 + A:)(s2-A:) 



Similarly 



/2^ 



^(2^2) 



- A:)(si + fc) - V(s2 + fc)(s2 - fc) 



From the last two equations and from the equations of motion, we get 
dxi 



dx2 



^ V(gi-fc)(gi + fc) ^^ 



Sl - S2 



VPi^) VPi^ 

dxi dx2 _ . \J {s2 - k){s2 + k) 

^P{xi) ^P{X2) ~ ' 



dt. 
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From discriminant separability, one gets (see Corollary 1 from jl5p 

dxi dx2 dsi 



/p(^ VA^ 

dxi dx2 ds2 



(19) 



and finally 



/pR) /PM VJ{s^ 

dsi ds2 



Si dsi 32 dS2 





idt. 



(20) 



where 



^{s)^ J{s){s-k){s + k), 
where $ is a polynomial of degree up to six. 

Thus, relations (PH]) define the Abel map on a genus 2 curve 

2/2 = $(s). 



□ 



2.2 An example of a new integrable systems of Kowalevski 
type 

Now, we arc going to present a new example of systems of the Kowalevski 
type. 

Let us consider the next system of differential equations: 

p = -rq 
q = -rp - 73 
f = -2g(2p+l) -272 

71 = 2(g73 - r-12) 

72 = 2(p73 - 7'7i) 

73 = 2(p2 - q^)q - 2^71 + 2p72. 
After a change of variables 

xi = p + q, 

X2=p-q, 

ei = xl + "fi + 72, 



(21) 
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62 = +71 ~ 72, 

system ([2T|) becomes 



xi = -rxi - 73 

±2 = rX2 + 73 

ei = — 2rei 

(22) 

62 = 2re2 

r = -a-i + a;2 - ei + 62 

73 = 2:261 - X162. 

We can write down the first integrals of system ([22|) in tlie next form 

= 2{xi + X2) + 61 + 62 + /i 

52 

r73 = -'X1X2 - X2ei ~ xie2 ~ 

22,2 53 ^"^^^ 
73 = X2ei+Xie2 - — 

61 • 62 = k^. 

Then, like in Kowalcvski's case, from integrals ([25)) wc get a relation in the 
form of (HZl) 

I ^2 , 3 , L 2 52 53 \ , 3 , L 2 52 53 \ 

[Xi ~ X2) 6162 + [2Xi + hx^ - yXi - y J 62 + [2x2 + 'i2;2 " —X2 ~ y J 
2 2, 52 , . , , ^\ : 92\ n 

XiXj + a;ia;2y +53(2:1 +^2 + -) + — 1 =0. 

(24) 

Suppose here that constant of motion h ~ just to illustrate integration 
procedure directly in terms of Weierstrass p function. Following the procedure 
described in Theorem [1] we get 



dxi dx2 dsi 



y/p{^ ^rp{^ ^Tpl^) 

dxi dx2 ds2 



(25) 



/p(^ ^/n^ 

where P{x) denotes the polynomial 



P(.) = 2x3-|.-|, (26) 
and si, S2 are the solutions of quadratic equation in s: 

J'(a;i,X2,s) := A{xi,X2)s^ + B{xi,X2)s + C(a;i,a;2) 

= (xi - X2fs^ + (^~2xiX2{xi + X2) + y (a;i + 0:2) + 53) s ^27^ 

2 

I 2 2 , 52 , , , \ , 52 n 

+ a;iX2 +a:ia;2— - +53(21 +2:2) + — = 0. 

2 lb 
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Without assumption that constant /i = 0, in system of equations (pS)) poly- 

92 

2 



nomial would be P{x) = 2x^ + hx^ — — With simple hnear change of 



variables 



Xi I ^ Xi , S I ^ S 

6 D 



equations for h ^ transform into (|25p . 
Finally, we get 

Proposition 1 The system of differential equations defined by \21\) is integrated 
through the solutions of the system 

dsi dsy 

1 , ^0 



Si ds^ So ds2 

^ ^ -I ^ ^ ^2dt 

where 

$(s) ^ P{s){s~k){s + k). 

2.3 Explicit integration in genus two theta functions 



This Section is devoted to explicit integration of the system ([2T|) . Integration 
procedure will be done in two ways. The first one is based on Kowalevski [21] 
and uses properties of elliptic functions. The second one follows Kotter [23] and 
Golubev [TB] . A generalization of Kotter transformation was derived in [T5] for a 
polynomial P(x) of degree four. Here we will reformulate such a transformation 
for P{x) of degree three. 

We are going to consider here, as in [24], the case where the zeros k, i = 
1, 2, 3 of the polynomial P of degree three are real and li > I2 > h- Denote 

I = {h-l2){l2-l3){l3-h). 

Following Kowalevski, we consider functions 



P.^ Vi--^i-h)is2-h), 1 = 1,2,3 (29) 

and 

= '''''' {{S, ~ li)is, ~ I,) + {s2~h)U^l,)) ■ 
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Then by simple calculations one gets 

1 



Pj = 


-Pi Pi 




A = 


P3P13 


- P2P12 


2{l2 


-h) 


P2 = 


P1P12 


- P3P23 


2(/3 


-h) 


P3 = 


P2P23 ' 


- P1P13 


2{h 





(31) 



We will now derive expressions for p, q, r, 71, 72, 73 in terms of Pi, Pij func- 
tions for i, j = 1, 2, 3. 

Denote by 

^ 10 
aui = — , 1 = 1,2. 

92X1-93 

Then 

Xi = p{ui), 

and dividing both equations of system p5|) with a/2 we see that 

Sl = p(ui+M2), S2 = p(ui-M2). 

We use the next properties of p-function, see pi] : 



P(^il) + p(w2) 

P(mi) - p(m2) 

P(mi) • p(u2) 



(32) 



{l2-l3)Pl + {l3~h)P2 + (h-l2)P3' 

ih - l3)Pl + (^3 - ll)P2 + [h - l2)P3 ' 

(^2 ~ hM + l2l3)Pl + (^3 - ^l)(^i + ^1^3)^2 
^ (/2 - l3)Pl + {h - h)P2 + {h - ^2)^3 
(/l-/2)(/i + ^1^2)P3 n 
(^2 - ^3)A + (^3 - h)P2 + ih - l2)P3^' 

After some calculations, we get the next expressions for variables p, q, r, 71, 72, 73 
in terms of Pi and Pij functions for i,j = 1, 2, 3: 

^ X1+X2 ^ p(ui) + P{U2) ^ {ll - ll)Pl + {ll - ll)P2 + {ll - IDP3 
^ 2 2 (/2-/3)Pl + (^3-/l)/^2 + (/l-/2)P3' 

(33) 

_ a-1 - X2 _ p{ui) - p(u2) I 

'^^ 2 ~ 2 ^ (/2-;3)^l + (Z3-^l)P2 + (Zl-Z2)P3' 

(34) 

P ^ 1 (/l - ^2)Pl2 + {I2 - l3)P23 + (^3 - h)Pl3 

q 2 (/2-/3)A + (/3-;i)^2 + (^l-/2)P3 ' ^ ^ 
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8 ((^2 - h)Pl + ih - h)P2 + ih - l2)P3f 

■ (PsPis + P1P12 + P2P23 - P2P12 - P1P13 - P3P23) , 
73 = -(q + rp) 

_ 1 {ii - ii)Pr + {ii - q)P2 + {If - q)P3 

2 ((^2 - ^3)^1 + (^3 - h)P2 + (^1 - ^2)^3)' 
• ((^1 - ^2)^12 + {I2 - h)P23 + (^3 - ^1)^3) 

I P3P1Z + P1P12 + P2P23 ^ P2P12 — P1P13 ^ -F3-f23 



2 



((^2 - ^3)^ + (/3 - ll)P2 + ih - l2)P3) 



2 



(36) 



^2 

71 = y - - 9^ - 2|J 

^ ((^1 ~ ^2)Pl2 + {h - h)P23 + (^3 - ll)Pl3f 
8 ((^2 - ^3)^1 + (^3 - ^l)^2 + (^1 - ^2)^3)' 

{{q - q)p, + ill - ll)P, + {ll - ll)P,f + f 

{{h - h)Pl + ih - ^1)^2 + ih - l2)P3? 

{il-il)Pi + {il-il)P2 + {ri-il)P3 

ih - l3)Pl + ih - ll)P2 + {h - l2)P3' 

72 = -g(2p+l)-^ 



iih - l3)Pl + {h - h)P2 + {ll - l2)P3f 

[{h -I3- "211 + 2ll)P, + {I3 -h- 2/2 + 2;2)P2 
f ih -I2- 2ll + 2ll)P^] (37) 

((^2 - ^3)^2^3 + (^3 - h)PlP3 + {h " l2)PlP2) 
m - l3)Pl + (h - h)P2 + (h - l2)P3 
{I2 - h)P23 + ik - ^l)^^13 + (^1 - ^2)^2 



(38) 



The expressions in terms of theta functions for Pi and Pij for i,j = 1,2,3 
are given in the Appendix. 

Now, we will perform integration following Kotter [23] and Golubev [T8] . 
First, we will formulate an extension of Kottcr's transformation for a degree 
three polynomial P{x) = 2x^ — — 



Proposition 2 For a polynomial J^(xi,X2,s) given with formula {21^ , there 
exist polynomials a{xi,X2-,s), P{xi,X2,s), P{s) such that the following identity 

J"(xi,X2,s) = a^(xi,X2,s) + P{s)(3{xi,X2,s), (39) 
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is satisfied. The polynomials are defined by the formulae: 
a{xi,X2, s) = 2s^ + s{xi + X2) - X1X2 - ^ 

P{xi,X2,s) = -2{xi + X2+ s) 

where P coincides with the polynomial from formula I126\) . 

Proof. The proof follows by a direct calculation. □ 
Define 

- J^{X1,X2,S) 
[Xl - X2r 

and consider the identity 

P{s) = (s - uf + (s - u)P'{:u) + P{u). 
Then, from ([39]) we get 

2i„ „ \2 , ni„ „^ (..(^ ^ ^2 , B{xi,X2) 



[s — u) [xi ~ X2) + 2{s — u) ya{xi — X2) + 
+ a'^{xi, a;2, u) + P{u)/3{xi,X2,u) = 0. 

Corollary 1 (a) The solutions si, S2 of the last equation in s satisfy an identity 
in u: 

a^{xi,X2,u) J3{xi,X2,u) 

(Si - U)(S2 - W) + P{u)- — , 

[Xl - X2y [Xl - X2r 

where P(u) is a polynomial defined with I126\). 
(b) Functions Pi satisfy 

p ^ a{xi,X2,li) ^ r^^2 92\ 1 ^^ 3^1+3:2 X1X2 ^^^^ 

' Xl — X2 V * 4: / Xl ~ X2 ' Xl — X2 Xl — X2 

Now we introduce a more convenient notation 

X1X2 



X = 

Y = 
Z ^ 



Xl 


- X2 




1 


Xl 


- X2 


Xl 


+ X2 



Xl - X2 
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Lemma 1 The quantities X, Y, Z satisfy the system of linear equations 
-X+ {2ll~^^Y + hZ = Pi 

-X + {21I _ ^) y + /2Z = P2 (41) 

(211-^\y + hZ = P?.. 



4 

The solutions of the system are 

{l2-h)Pl + {h-ll)P2 + {h-l2)Pz 



Y = 
Z 
X 



-21 

{il ii)p, + {ii - ii)P2 + ill - q)P3 
I 

, (92 + ShhKh ~ h)Px + (52 + mi){h - h)P2 



(42) 



8Z 

(g2 + 8/i/2)(/l -^2)P3 ^ 
8/ 



Using Viete formulae for polynomial P{x) we can rewrite X in the form 

^ _{l2- h)il\ + hh)Pl + (^3 - + ^1^3)J'2 + (^1 - l2)ill + ^1^2)^3 

21 ■ 

Now, from the expressions for X, y, Z we get 

_ a;i - X2 _ 1 

2 ^ 2r' 

_X\+X2 _ Z 

^ ~ 2 ^ 27' 
Expressions for r and 7^, i = 1,2,3 can be derived in terms of P^, Py func- 
tions from equations of the system (|2T|). see formulae ((33 |) -(f38 |) . 

2.4 Further analysis of systems of Kowalevski-type. First 
integrals 

Now, we perform further analysis of possible first integrals of systems of 
Kowalevski type. We arc looking for a system in variables xi, X2, ei, 62, 73 
that satisfies relations of the form 

= i? +P2ei -l-pie2 
rj3=F- q2ei - qie2 ^ ^ 

2 ^ 
73 = Ct + r2ei + rie2 

ei • 62 fc^. 

The next Lemma shows that the assumptions defining systems of the Kowalevski 
type (fT5| [T6 l fT7 |) . in a sense, determine the particular integrals. 
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Lemma 2 A system which reduces to I115\) . Hid]) . JiTp with fi = rxi +73, next 
relations are satisfied: 



2 

r 



ri3 



Pjxi) + P{x2) ± 2y/P{xi)P{x2) + AC + Aei + Ae2 
(xi - X2Y 

X2P{xi) + XiP{x2) ± (Xi + X2)^P{XI)P{X2) + AC 

(a;i - X2Y 

X2Aei + xiAe2 



(xi - X2Y 

c|P(a;i) + xlP{x2) ± 2xiX2^JP{xi)P{x2) + AC + xjAci + x^Aez 

(xi - 3:2)^ 
ei • 62 = fc^. 

(44) 

Proof. Replacing (|43|) into condition ([T6|) with = rx; + 73 , we get 

r'^x'l + 2a;ir73 + 73 = Plxi) + eiA{xi,X2). 

Collecting coefficients with a, we obtain a system with unknowns 
Pi,P2,qi,q2,ri,r2,E,F,G: 

P2x\ - 2q2Xi + r2 = A{xi , X2) 
Pix^ — 2qiXi + ri = 

£;x? + 2Fxi +G = P{xi) 
P2xl - 2q2X2 + r2 = 
^1X2 - 2giX2 + ri = A{xi , X2) 

£;a;2 + 2Fx2 + G = P(a;2). 
The solutions of the system are: 



xi{xiA + 2gia;2(xi — X2)) 
2 2 ' 

■^1 ~ -^2 

_ .T2(2;2A + 2gf2a;i(x2 - Xl)) 



^2 2 2' 

■^1 ~ -^2 

A + 2qi{x2 - Xl) 
Pi = 2 _ 2 ' 

Xl X2 

A + 2q2{xi-X2) 

P2 = 2 _ 2 ' 

^1 ^2 

£;(xi-x^)+P(xi)-P(x2) 

Xl - X2 

_ ExiX2{xi - X2) + XiP(x2) - X2P(xi) 
Xl - X2 



(45) 



(46) 
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The second assumption is that the relation 

{E +P2ei +pie2)(G + r2ei + 7-162) - {F - 9261 - (7162)^ = (47) 

can be rewritten in the form ([T7)) . According to ([T7]), the coefficients of ef should 
vanish, so we obtain: 



91 = 7Z 92 = 7— — -W- (48) 



xiA xiA 
{xi-X2y (2:1 -0:2) 

Replacing these results into (|47l) it becomes 
rir [Aeie2 + P{x2)ei + F(.Ti)e2 

[Xl - X2Y 

(xi~X2f Axi-X2fE^ {P{xi) + P{X2))E {P{xi) - P{x2)f ^ 

A ^ A, 2 4(xi- 2:2)2 

Finally, solving 

{X^-X2f \{XI-X2)^E^ {P{X,) + P{X2))E , (P(xi) - P(X2)) 



A 

we get 



A{xi - X2)^ 



C, 



P(2;i) + P(x2 ) ± 2^P{x i)P{x2) + 
(a;i - X2) 

Then we can write (|T7)) in the form of ([T7)) : 

A{xi,X2){A{xi,X2)eie2 + eiP(x2) +e2P(xi) - C(a;i,X2)) 
(a;i - 0:2)2 



□ 



Corollary 2 Jn i/ie case when A{xi,X2), ,B{xi,X2), C{xi,X2) are the coeffi- 
cients of a discriminantly separable polynomial the relations can 6e 
written in the next form: 



r2 = 



= 



P(xi) + P(x2) ±i?(xi,X2) + A{xi,X2)ei + A{xi,X2)e2 
[xi ~ X2Y 
X2P(xi) + a;iP(a;2) ± (xi + X2)^^^ 



(Xl - X2)2 

_ X2A(xi,X2)ei + XiA(xi,a;2)e2 
(a-i - X2Y 

2 _ X2P(a;i) + x\P{x2) ± xia;2i3(a;i, 2:2) + x\A{x\,X2)e\ + x\A{x\,X2)e2 
" (xi - X2)2 

ei ■ 62 = A:^. 

(50) 
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Different choices of signs in relations (|33|) determine different systems. Thus, 
systems of such type appear in pairs. 



Corollary 3 In order the relations he the first integrals for system from 

Lemma\^ in the form of polynomial, A(xi, X2) must be of the form const ■ (xi — 

X2?. 



In the same way as in Lemma [2] we can obtain possible first integrals for 
systems with functions /,; = a;™' • r + a;"' • 73, i = 1, 2 and mi,ni G Z. 

Proposition 3 For a system which reduces to i f iJfi)) . |J7| ) with 

mi,ni e Z and at least one of conditions mi ^ ni, 77*2 ^ n2 is valid, then 
following relations in the form of |4 j| ) are satisfied for next expressions: 

A{xi,X2)xl"'^ A{xi,X2)xl"^ 

Pi = - I no mo ni \ 9 ' 

P2 - 



K-'^l X2 J-2 J^i J X2 J-2 ■^1 / 



/ rni no mo ni \ 9 ' 92 



l-^-l a,2 X2 X]^ ; ^-2 -^2 -^1 y 

2n 
^^2 



A(xi,X2)x^"^^ _ A{xi,X2)x^^'^ 



{■'^l -^2 ■^2 "^l / X'^l "^2 -^2 ■^l J 

_ xl^^Pjxi) + xl-^P{x2) ± B{xuX2)xrxT „ 

l-^i -^2 •''2 '''I y 
^ i;.(a:^^a:r^ - xl-^xl"-^) + x^^P(:.2) - x^P(a:i) , ^ 

"^2 \1 2 -^^^ "^2 / 



' ^ni n2( mi n2 _ ni m2\ -"-i^- 

■''1 -^2 V'''! •''2 ■^l •''2 ) 

Here B{xi,X2) denotes a function in two variables such that 

B^{xi,X2) =4A(xi,a;2)C(xi,X2) + 4P(xi)P(a;2). 



Example 1 Now we will apply Lemma to the Kowalevski case, which has 
been briefly presented in the Introduction. Denote by 

A = {xi- X2Y, 

B = x\x'^ — &I1X1X2 ~ 2cl{xi + X2) — (c^ — fc^), 
C = Ghxjxl + (c^ - fc^)(xi + X2)'^ + 4:lcxiX2{xi + X2) - 6li{c^ - k^) + 
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P(.t) = - Ghx"^ - Aclx2 -c^ + k'^ 

the polynomials that appear in the Kowalevski fundamental equation Ull]) . Ap- 
plying Lemma\^we get 

Pi = 1, P2 = 1 
qi = xi, q2 = X2 
ri = x\, r2 = xl. 

The expressions for E,F,G we will denote by Ei,Fi,Gi, i — 1,2 depending on 
choice of a sign in the expression for E: 

El =6h-{xi+X2f 
Fi = xiX2{xi_ + X2) + 2cl 

Gi — X-1X2 c , 

xf — Gxlh — Sclxi + X2 — 6/1X2 — 8clx2 — 4c^ + 4A:^ + 2x1x1 — 12;ixiX2 



E' 



2 



(Xl - X2)'^ 



1 



F2 = 7 tt(^i^2 + 2^12^2 ~ V2'x\liX2 — 2x\cl + 2xi (fc^ — C^) — 12lcXiX2 

(Xl - X2Y 



+ x\x\ + x\x\ — \2x\l\xi^ — 2lcx\ + 22;2(fc^ — c^)) 
_ x\x\(x\ + x\) + 2x\x\ - 2Mxx\x\ + (fc^ - (?){xx + a;2)^ 

(a:i - X2)'^ 

%ICX\X2(X\ + X2) 



{xx - X2Y 

The expressions Ei,Fi,Gi correspond to the original Kowalevski case. 

The expressions E2, F2, G2 correspond to a new system with constant pa- 
rameters c,l,li. By differentiating the first and the third relation |^ j| ) for 
£■2,^2,^2 instead of E,F,G, for a system which reduces to \15\) . hl6\l . JiTp 
with fi ~ rxi + 73 we get 

■ [{x^ + xl)r - 8(eie2 - 0^)73 + 2AlcrxiX2 + 12lij3ixi + X2f 



2r{xi - X2)^ 

— 2x\x\r{xi + X2) — ?>X\X2r{x\ + X2) — 4x1X273(0:1 + x\) 

— 4(eie2 — c^)r(xi + X2) + Alcr{xl + X2) + 24;iXia;2r(xi + 0:2) 
+ 16d73(a;i + X2) + m(a;i - a;2)^(ei + 62)*] , 

73 = 7, — 1 ^ [2:12:273(2:^ + 2:2) + 4,x\xlr{xi + X2) + 2(eie2 - c^)73(xi + X2) 

273(2:1 - X2)'^ 

+ 2x\x\^'i{x\ + X2 + X1X2) — 16/073X1X2(2:1 + 2:2) + 4(6162 — C^)xiX2(xi + X2) 

— 'i2clx\x^r — 24ZiXiX273(x^ + x\) — 2Alix\x2r[xi + X2) + 46162X1X273 
+ (mxii + 73 + xir)xi(xi - X2)^e2 - {mx2i + 73 + X2r)x2(xi - X2)^ei] . 
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Finally, by differentiating of the second relation 

rj3 = F2- X2ei - xxe-i 

and by substituting obtained expressions for r and 73, we get value for so far 
unknown function m: 

1 

777, 2,T ~\~ 

[xi ~ X2)^{rxi +73)^62 - (.Ti - X2)^{rx2 +73)^61 
[4:XiX2r^{xlxl{xi + X2) + (6162 - c^){xi + X2) - 6;iXia;2(.Ti + X2) - 8clxiX2) 
+ 473r2((eie2 - c^){xl + xl + AX1X2) + 2xlxl{xl + xl + X1X2) 

— 'dllXlX2{xi + X2Y — l2lcxiX2{xi + X2)) + A:'^lr{xiX2{x\ + X2) 
+ 2x\x\{xi + X2) — 14:clxiX2 — 15^ia;ia;2(a;i + X2) — 3li{xl + 2:2) 

+ 3(eie@ - c^){xi + X2) - blcixj + xl)) + 47|(xia;2(xJ + x2'^) - Shixj + xj) 

— 4:cl{xi + X2) — (!>liXiX2 + 2(eie2 — c^))]- 

From the previous example and Lemma [2] we see that for a given discrim- 
inantly separable polynomial J^(xi, a;2, s), there are always two integrable sys- 
tems that satisfy ([T5|) . (|16p . (fT7|) corresponding to two choices of functions 
E, F, G. 

2.5 Another method for obtaining systems of Kowalevski- 
type 



Now, we will show another method for obtaining new systems that reduce 
to ([T5|) . (fT6|) . (fT7|). with possible first integrals in the form pB]). 

We search for functions E, F,G,pi,qi,ri, i = 1,2 such that the relation 
following from 

{E +P2ei +Pie2){G + r2ei + rie2) ~ {F - q2ei - (7162)^ = 

leads to a relation of the form (|17p . Thus, one set of conditions follows from 
annulation of the coefficients with e\,e\. This gives us the first conditions: 

PiTi = ql, P2r2 = ql- (51) 

We come to the relation 

Paei +Pie2 = C{xi,X2) - eie2A(a;i, X2) (52) 

where 

A ^ Pir2 + P2ri - 2qiq2 

o (53) 
C^F^ -EG 
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and 

Pi = nE + 2qiF + piG 

(54) 

P2 = r2E + 2q2F+p2G. 
Now, let us assume the following: 

Bi=E^/¥^ + F{y/^+y/^) + Gy/^. (55) 
Then, we have the following 

Lemma 3 The functions A, Bi,C, Pi, P2 defined above, satisfy the identity: 

Bl-AC^PiP2. 



Lemma 4 For the system with relations in the form j^gp satisfied with 151 
{54^ , functions fi defined by 

fi = Vnr + ^/lHj3, i = l,2 

also satisfy assumption U6]). 

Proof. Proof is done by a straightforward calculation. 



/i = rir- + 2y^pirir-f3 + P173 

= ri{E +P2C1 +pie2) + 2qi{F - 5261 - 9162) + pi{G + r2ei + rie2) 

= Eri + Gpi + 2qiF + ei(rip2 + Pir2 - 2^192) 

r o 2^ (56) 

+ e2(ripi +piri - 2^1) 

= Pi+ ei(rip2 +Pir2 - 2y/nmr^) 
= Pi+ eiA. 

In the same way, we get 

fi = P2 + e2A. 

□ 

Now, let us introduce the second assumption: 

ri = x^, i = 1, 2 

= (x, -a)2, 1 = 1,2 (57) 
qi = Xi{xi-a), i = l,2 

The last, crucial condition, in order to get a relation of the form (jl7p from 
dSl), is 



Pl=P{xi), P2^P{X2), 

which means that the functions Pi and P2 are equal to a polynomial P of one 
variable, xi in the former and X2 in the later case. 



25 



To satisfy the last requirement, we need to guess the right form of the func- 
tions E, F, G. Let us, finally, assume: 

E = -2(xi - af{x2 ~ af + Ci 

F — xx{xx ~ a)(x2 — of + X2{x2 — a){xi — a)^ + C2 (58) 
G = -2xi.T2(a;2 - a){xi - a) + C3. 

Theorem 2 Polynomials E, F,G,pi,qi^ri define a completely integrable sys- 
tem, with 

fi = XiT + {xi - 0)73, 1 = 1,2. (59) 

The system is explicitly integrated on the pinched genus two curve in theta- 
functions of a generalized Jacobian of an elliptic curve. 



Similar systems appeared in a slightly different context in the works of Ap- 
pel'rot, Mlodzeevskii, Delone in their study of degenerations of the Kowalevski 
top (see [3], |26 ) .|13 ) ). In particular, we may construct Delone-type solutions of 
the last system: 




Proposition 4 The equations of motion for a completely integrable system de- 
scribed in Theorem\^ with functions fi, i ~ 1,2 defined by I159\) are 

XI- -2/1 

X2 = -^J2 

e\ = —me\ 
62 = me2 

. I \i \( \ , ^f2{x2-a) ifi{xi-a) 

r = {X2- xi){x2 - a)[xi - a)ai H Ci 62 

2r 2r 

ei{x2 - a)^ - 62(3:1 - a)^ 

m 



73 



2r 

e2x\ - eixl if2X2ei if\Xxe2 

TO 

273 273 273 

«(73(a - X\)(a - X2) - rx\X2){x2 - xi)a 



273 

with 

_ -{r + 73)/i 62 - {■Jsajr + 73) - 3^2(73 + "^ns " ^^))/2ei - ar{xi - X2)fif2 

/2 61 - /l 62 

(60) 
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Proof. System of equations described in Theorem [3] is 

i-i = -^{^^r + {x2 - a)73) 
ei = — mei 
(=2 = me2, 

with first integrals 

= -2(.Ti - af{x2 - a)2 + Ci + (a;2 - 0)^61 + {xi - afe2, (61) 

r^?. = a;i(xi-a)(a;2-a)^ + a:;2(a;2-a)(a;i-a)^ + C2-.T2(:r2-a)ei-a-i(xi-a)e2, 

(62) 

73 = — 2a;ia;2(a;2 — a){xi — a) + C3 + x\ei + x^e2, (63) 
6162 = fc^. 

Differentiating first integrals and we get equations for f and 73. 
Then, differentiating integral (|62|) we get 

f"73 + 7^73 = ii(a;i - a){x2 - a)^ + Xixi{x2 - a)^ + xi{xi - a)2{x2 ~ a)x2 
+ X2{x2 — a){xi — a)^ + X2X2{xi — of + X2{x2 — a)2{xi — a)xi_ — XiXie2 
— xi{xi — a)e2 — mxi{xi — a)e2 — ^2(2^2 — a)ei — 0:2X261 + TOa;2(a;2 — a)ei. 

Substituting obtained values for r and 73 we get equation for m with solution 
(pjl. □ 

Proposition 5 The system of differential equations defined by Proposition^is 
integrated to through the solutions of the system 

dsi ^ ds2 

SlV*l(si) S2y/'i'l{s2) 

dsi ^ ds2 

V*l(si) V*1(S2) 

where 

4>i(s) = s{s - e4)(s - 65) 
is the polynomial of degree 3. 

By choosing expressions for p^, r^, i = 1,2 and then finding i?, F, G such 
that Pi = Eri + 2Fqi + Gpi be polynomial, we can obtain new examples of 
systems of Kowalevski type. We will give a few more examples after classification 
of strongly discriminantly separable polynomials, in Section [6l 



-^dt, 



(64) 
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3 A deformation of the Kowalevski top 



In this Section we are going to derive explicit solutions in genus two theta- 
functions of Jurdjevic elasticae [50] and similar systems [H], [52]. First, we 
show that we can get the elasticae from the Kowalevski top by using the sim- 
plest gauge transformations. 

Consider a discriminantly separable polynomial 

T{xi,X2,s) := s'^A + sB + C 

where 

B ^ ~2{ExiX2 + F{xi+X2) + G), (65) 
C^F^ ~ EG. 
A simple afSne gauge transformation 

s I— >■ t + a 

transforms ^{xi, X2, s) into 

J^aixi,X2,t) ^ t^Aa + tB„ + Cq, 



with 



Next, we denote 



Aa — A 

B„ = B + 2aA (66) 
Ca = C + aB + a^A. 

Fa=F + aFi 

Ea=E + aEi (67) 



Ga = G + aG 



From 



G(x — F^^ Eq^ G(x , 



by equating powers of a, we get 

B = 2FFi~ EiG- EGi 



A = F^ - EiGi. 



From ((05|) one obtains 



(68) 



Fi = -{xi+ X2) 

Gi = 2x1X2 (69) 
El = 2. 
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One easily checks 



Fl-EiGi^A, 



Ea ~ Qli — [xi + X2f' + 2a 

Fa = 2d + xiX2{xi + X2) — a{xi + X2) (70) 
Ga = (? — ~ x\x\ + 2axiX2- 

Jurdjcvic considered a deformation of the Kowalevski case associated to a 
Kirchhoff elastic problem, see [20] . The systems are defined by the Hamiltonians 

H = Ml + A/| + 2A/| + 71 

where the deformed Poisson structures {•, -^^ arc defined by 

where the deformation parameter takes values t = 0,1,-1. These structures 
correspond to e(3), so(4) and so(3, 1) respectively. The classical Kowalevski 
case corresponds to the case r = 0. The systems with r = —1,1 have been 
considered by St. Petersburg's school (Komarov, Kuznetsov in 1990's, and 
they have been rediscovered by several authors in meantime. Here, we are giving 
explicit formulae in theta-functions for solutions of these systems. 
Denote 

ei^ xj- (71 + 172) + T 

62 = X2 - (71 - 172) +T, 

where 

Ml ± iM2 

2 = ■ 

2 

The integrals of motion 

h = 6162 
I2 = H 

h = liMi + 72 A/2 + 73-^/3 
h - ll + ll + ll + t{MI + Af| + Ml) 
may be rewritten in the form (|43p 

fc^ = /l = 61 • 62 
M| = 61 + 62 + E{xi,X2) 

^hlz = -a;26i - a;ie2 + F{xi,X2) 
7^ = 2:261 +a;^62 + G'(a;i,a;2), 

where 

G'(a;i,a;2) = -x^x^ - 2txiX2 - 2t(/i - r) + - /2 
F{xi,X2) = (a;ia;2 +t){xi + X2) + I3 
E{xi,X2) = -(xi +a;2)^ + 2(/i - t). 
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Proposition 6 An affine gauge transformation 

s I— > t + a 

transforms the Kowalevski top to Jurdjevic elasticae according to the formulae 



T 


= —a 


h 


= 3^1 


h 


= 2d 


h 





(71) 



/2 = c - /s^ + 2a(3/i +a) + a\ 

We can apply generalized Kotter transformation derived in [15] to obtain ex- 
pressions for Mi,ji in terms of Pi and Pij functions for i,j = 1,2,3. First we 
will write down the equations of motion for Jurdjevic elasticae: 

Ml = 2M2A/3 
M2 = -2M1M3 + 73 
M3 = -72 

71 = -2M273 + 4Af372 

72 = 2Mi72 - 4M371 + tMs 

73 = -2Mi72 + 2Af27i - TM2. 

Now we introduce the following notation: 

R{xi,X2) = ExiX2 + F{xi + X2) + G, 
Ri{xi,X2)^EG-F^, 

P{xi) = Exi + 2Fx^ + G, i = 1, 2. 

Lemma 5 For polynomial J- {xi, X2, s) given with 

J"(xi,X2,s) = (xi - X2Ys^ - 2i?(a;i, 2:2)5 - i?i(xi,a;2), 

there exist polynomials A[xi^X2,s), B(xi, X2, s) , f{s), Aq{s) such that the fol- 
lowing identity 

T{xi,X2, s)Ao{s) = A^(xi,.T2, s) + f{s)B{xi,X2,s), (72) 

is satisfied. The polynomials are defined by the formulae: 

Ao{s) = 2s + 2/1 -2r 
/(s) = 2s-'' + 2(/i - 3r)s2 + {8t^ - 4r(/i - r) - 2/2 - 4rJi)s 
+ (/i - r)(6r2 - 2/2 - 4t/i) - + 2{h - 
A{xi,X2,s) = Aq{s){xiX2 - s) + /3(a;i + 2:2) + 2r(/i - r) + 2ts 
-B(a;i,a;2,s) = {xi + X2)^ - 2s - 2/i + 2t. 
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Denote by the zeros of polynomial / and 



Pi = V (■51 ~ "^0(^2 - m.i) i = 1, 2, 3. 
The same way as in Corollary [1] we get 

p _ sj A^{mi){xiX2 - m{) /3(a;i + X2) + 2t(/i - t + m,) ■ _ , „ q 



Now we introduce a more convenient notation 
^ _ X1X2 

Xi — X2 
1 



Y = 



a;i - 0:2 

^ _ /3(a:i +a;2) + 2T(/i ~t) 

- X2 

Ui ^o(™0 = 2TOi + 2/1 - 2t, i = 1, 2, 3. 
Relations (|73p can be rewritten as a system of linear equations 



,'2r \ Z P2 
X + Ym2 ( 1 ^ ■ 



n2 J 112 ^n2 



."-3 / "3 V^-S 

The solutions of the previous system are 

3 



(73) 



^ = -E5#;K+-'^- + ^i-2-) (74) 

with (i, J, fc) - a cyclic permutation of (1, 2, 3). 
Finally, wc obtain 

Proposition 7 The solution of the system of differential equations ^71^ in 
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terms of Pi^ Pij functions is given with 



^=lfJ±:fi^ + riT~h)) 2r(/i-r) 
^3 2^i=lJ7ij^ ^3 



Ah = - 



Ah 



Avh 



72 



73 



»=1 /'("i) 



,3 nk^nTnJPij 



Jl = h + 



1 / 



4 Ell 



^K-+m,+/i-2r) 



E3 \/niPi 
i=l /'(m.) 



■r^3 P, 

2^1=1 f 



(ELi 



2i 

f'inik) 



/y^3 v^P. 



/v^3 PkPik-PjPij - 
• VZ^i=l /'(m,) 2(mj-mfc) • 



2i 



(E,=i / 



Efe=i 



/ninjPi. 



f'{mk} 



''*Z^i=l /'(mi) 



Formulae expressing Pi, Pij in terms of theta- functions are given in the Ap- 
pendix. This gives exphcit formulae for the elasticae. 



4 Another system of Kowalevski type 

In this section we will consider another class of systems of Kowalevski type. 
We consider a situation analogue to that from the beginning of the Section 12.11 
The only difference is that the systems we are going to consider now, reduce to 
(fT5|) . where 

= P(xi)-- 

r (75) 

ei 

The next Theorem is an analogue of Theorem [T] Thus, the new class of systems 
also has a striking property of jumping genus in integration procedure. 
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Theorem 3 Given a system which reduces to il5\) . whe 



r (76) 

ei 

and integrals reduce to JiTp ; C, P form a discriminantly separable polynomial 
J- given with |_?^[ ). Then the system is linearized on the Jacobian of the curve 

2/2 = J(z)(z_fc)(z + fc), 

where J is a polynomial factor of the discriminant of T as a polynomial in xi 
and k is a constant such that 

6162 = fc2. 

Proof. Again, from the equations of motion on we get 

6162 = fc2, 
with some constant k. Now, we get 

T/PM ± V^/P(^)' = C(X1,X2) - fc2A(xi,X2) ± 2^ P{xi)P{x2)k. 

Dividing with A{xi,X2) 7^ 0, we get 



P(X2)^ _C ,^2^^^P{XI)P{X2), 



A " ■^'i A A A 

From the last equation, we obtain 



2 



_ , P{X2) , ^ / P(X1) 1 

— ^ + VeJy — ^ I = (si - fc)(s2 + 



where si, S2 are the solutions of the quadratic equation 

F{xi,X2tS) = 

in s. From the last equations, dividing with k = y^elej we get 



33 



Since s,; are solutions of the quadratic equation -^(.ti, X2, Sj) = 0, we get 

B 



Si + 32 



S2 - Si 
Si ■ S2 



A 



(77) 



C 
A' 



From the last equations, we get 

[si - S2r - 4 

Using the last equation, we have 



2 _ ,Pixi)Pix2) 



A^ 



fl - Pi^l) 



C{xi,X2) 



62 



{Si-.S2)^A^ _C_ 
62 



4P(X2) 
A^ 



[si - S2Y 



AP{X2) 
(si-52)2 
(Sl-S2)2 
k'^isi - S2)^ 
fc2(si-S2)2 

Similarly 



C4P(x2) 
A e2A 



(Si - S2)^ - *^*^fc2 + ^)(*2 - + V(s7-fc)(s2 + fc)j 



2siS2 + S2 - 



2siS2 



siS2-fc^ + V(s?-A:2)(s2-fc2) 



fc2(.s2 + si) - 2s?s^ - 2siS2^Jisl^k^){sl-k^) 



S2\/ sf - + SiJs\ - fc2 



S2\l sl~ fc2 



fc2(si - S2Y 

From the last two equations and from the equations of motion, we get 

dxi 



dx2 



'Sl^/s 



^/pW) ' /P(^ k{si-S2^ 
dxi dx2 



dt 



-S2^ysi - fc^ 

Discriminant separability condition (see Corollary 1 from 

dxi dx2 dsi 



dt. 



) gives 



/P(^ /P(^ ^/Ji^ 

dxi ^ dx2 ds2 



(78) 



VP{^ VPi^ 
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Finally 

dsi ds2 dt 

Sl dsi ^ S2 ds2 _ Q 

where 

$(s) ^ J(s)(s_ fc)(s + /c), 
is a polynomial of degree up to six. □ 



Strongly discriminantly separable polynomi- 
als, classification. Quad-graphs 



5.1 Classification of strongly discriminantly separable poly- 
nomials of degree two in three variables 

In this section we will classify strongly discriminantly separable polynomials 
T{xi,X2,X2,) G 'C[xi,X2,X'i\ which are of degree two in each variable, modulo a 
gauge group of the following fractional-linear transformations 



axi 4 


-h 


cxi 4- 


d 


ax2 -i 


-b 


CX2 + 


d 






CX3 4 


d 


2 




E 


a. 



Xi I— 

^2 ^ , ^ (80) 

X3 H> 

Let 

2 

T{xi,X2,X3)= ^ aijkx\x^2^3 (81) 

be a strongly discriminantly separable polynomial with 

n,^J^{xj,Xk)=P{xj)P{xk), (i,j,fc) = c.p.(l,2,3). (82) 

Here, by 'Dx.T{xj,Xk) we denote the discriminant of J-" considered as a 
quadratic polynomial in Xi. 

By replacing ([5T|) into ([5^ for a given polynomial 

P{x) = Ax"^ + Sx^ + Cx'^ + Dx + E, 
we get a system of 75 equations of degree two with 27 unknowns Oij-fe- 
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Theorem 4 Strongly discriminantly separable polynomials J^{xi,X2,X3) satis- 
fying \82\} modulo fractional linear transformations are exhausted by the follow- 
ing list depending on distribution of roots of a non-zero polynomial P(x) : 

(A) four simple zeros, for canonical form P{x) ~ (fc^x^ — — 1), 




Figure 2: Pencil with one double and two simple points 



(C) two double zeros, for canonical form P{x) = x^ , 

^Cl — ^x\x\ + ^XiX2Xy, + vx\, /i^ — 4Aj/ ~ 1, 
^C2 = Xx\x\x'^ + flXiX2X3 + V, fJ-^ — 4Ai^ = 1, 
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Figure 3: Pencil with two double points 



(D) one simple and one triple zero, for canonical form P{x) = x, 



Td = -^{x\X2 + X2X-i + x\xz) + ^ixl+ xl+ xl), 




Figure 4: Pencil with one simple and one triple point 
(E) one quadruple zero, for canonical form P{x) ~ 1, 





-4Aj^ = 


1, 




-iXiy = 


1, 




-AXv = 


1, 




-AXv = 


1. 



Corresponding pencils of conies are of types (1,1,1,1), (1,1,2), (2,2), (1,3) 
and (4) in cases (A)-(E) respectively. (These pencils are presented on Figures 
1-5 respectively.) 
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Figure 5: Pencil with one quadruple point 



Proof. The system we ought to solve is obtained by equating coefScients with 
i' j = 1, 2, 3; Q!i, cxj 



x"^x"' ]i,j = 1, 2, 3; ai, aj = 0, 1, 2, 3, 4 in equations: 



2 

2 \ / 2 \ / 2 



\h3=0 I y,j=0 I \i,j=0 



2 

2 



\h3=0 / \i,j=0 / \i,j=0 / 

^ aijix\xl -^[Y aij2x{xl ^ a^oXiX^ = P(a-i)P(x2). 
\_id=o J \t,j=o J \i,j=o J 

By a straightforward calculation, for example in the case 
P{x) = {k'x^ - l){x^ - 1), 

we get polynomials: 

/j2 p p 

•^Ali,2 ±(( - —xl + 2 + -T^^l^D^l + (1 - k^)xiX2X2. 

2 2 2 ^ 2 2'' 

fc^ fc2 2^ ^2 

J"a2i.2 = ±(( — ^a:^ - yx^ + 2 ^ -T^^l^D^l + ("1 + fc^)a;ia;2X3 

"^2 "^2 ^ '2i '2, ^ \ 
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-^A3i,2 ±((2 - ~ 9^2 + ya^iaizja^a + (1 - fc )xiX2X3 
+ 2-?+2-^-+2-?-2-+^)), 

2; - 4- 

-2 2 ^ 2 ^ 2 



J"a4i,2 = ±((77 - T^a;^ - 7^x1 + ^a;?x^)x^ + (-1 + k'^)xiX2X3 



^ „2 I ^ „2 , ^ J2J2 ' ^ )) 



2 ^ 2 2 2^2 2fc' 
It is clear that polynomials IFaii 2 ^^'^ ^A2i 2 ^'^^ fractionally-linearly equiv- 
alent with a common transformation Xi = —Xi, i = 1, 2, 3. The same case is for 
•^A3i,2 and J"a4i,2- 

Next, with transformations 

Xi = , : * = 1) 2, 3, 
the polynomial .7^43^ (xi, a;2, X3) turns into 



Thus, all obtained polynomials are gauge equivalent to IFa- 

Other polynomials of the list (B)-(E) are obtained in the same manner. □ 

Remark 1 Notice that polynomials J'E2t^e?,i^ea o-fe related to J-ei with trans- 
formations xi I— > —xi for J-E2, X2 I— > —X2 for J-e3, x^ h- !■ — a;3 for Tea- 

Proposition 8 When P{x) = all strongly discriminantly separable polynomi- 
als J- {xi,X2,X3) are equivalent with 

J^o{xi,X2,X3) ^ {S1X1X2X3 + (52(.Tia;2 + xix^, + X2X3) + 53(2:1 X2 + X3) + 64^ 
modulo possibly nonequal fractionally-linearly transformations 

O^iXi b{ , 1 o Q 

Xi I— > , , * = t,/,o. 

CiXi -\- Uji 

Wc consider more closely the case when P{x) has four simple zeros. The 
transformation 

^ , i = l,2,3 (83) 



12A:2y. _ 5fc2 ^_ 1 
brings polynomial Ta{xitX2,X3) into the form 

54(fc-l)^(fc + l)-^ ^ 

(12fc2j;i _ 5fc2 + l)2(12fc2j/2 - 5fc2 + I)2(12fc2y2 - 5fc2 + 1)2 -^-^^yi , ^2, V3). 
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with 



^A(yi, y2, ya) = 69i2fc*^((yiy2 + ym + V2in H f 

+ l)(fc2 _ 6A: + l)(fc2 + 6fc + 1) 

- {yi +y2 + y3)(4yiy2y3 - ^ ^Yefc^^ 

= -6912/c^(yi + y2 + y3)(4yiy2y3 - 53) - (^1^2 + yiys + y2y3 + ^)^- 

Here (72 and are well known coefficients of the Weierstrass normal form Ax^ — 
g2X — (73. For a polynomial P{x) ~ A + ABx + 6Cx^ + iDx^ + Ex^, they are 
given with g2=AE- ABD + SC^, .93 = ACE + 2BDC - AD^ - B'^E-C^. 

Proposition 9 In the case when polynomial P{x) has four simple zeros all 
strongly discriminantly separable polynomials J^{xi,X2,X3) satisfying i82\) are 
modulo fractionally-linearly transformations equivalent to 

( 92 \ ^ 

T{Xi,X2,X3) = {Xi +X2+ X3){4:XiX2X3 - gs) - [X1X2 + X1X3 + X2X3 + —j . 

(84) 

Notice here that when we expand ([5^ as polynomial of 2:3 it becomes 



T{Xi,X2,X3) = -{Xi - X2fxl + {2x1x2 + 2xixl ~ gz- Xi^ - X2^)X3 

2 (85) 

92 2 2 52 

~ 16 ~ ^^^^ ^ ^^^^ ^ ^^^^ ^ -j^^^"^' 
Comparing with [8] we get 

Corollary 4 If a polynomial P has four simple zeros, all strongly discrim- 
inantly separable polynomials J- satisfying i82\) are equivalent to two-valued 
groups 

I \ ( g2XlX2X3\^ 

[X1X2 + a;2a;3 + a;ia;3)(4 + 53a;ia;2a;3) = [xi + X2 + X3 - ■ j . 



5.2 Prom discriminantly separable polynomials to inte- 
grable quad-graphs 

Now, we will establish connections between discriminantly separable polyno- 
mials and the theory of integrable systems on quad graphs from works of Adler, 
Bobcnko, Suris [l],l2]. Moreover, we are going to construct an integrable quad 
graph associated to an arbitrary given discriminantly separable polynomial. 
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Recall that the basic building blocks of systems on quad-graphs are the 
equations on quadrilaterals of the form 

Q{xi,X2,X3,Xi) =^0 (86) 

where Q is a polynomial of degree one in each argument, ie Q is a multiaffine 
polynomial. 

^4 ^3 



Q 

Figure 6: An elementary quadrilateral. A quad-equation Q{xi,X2,X3,X4) = 0. 



Equations of type (j86p arc called quad- equations. The field variables Xi are 
assigned to four vertices of a quadrilateral as in a Figure 6. Equation (|86p can be 
solved for each variable, and the solution is a rational function of the other three 
variables. A solution (xi,X2,X3,Xi) of equation (|86|) is singular with respect to 
Xi if it also satisfy the equation Qxiixi,X2, xs, X4) = 0. 

Following [2] we consider the idea of integrability as consistency, see Figure 
7. We assign six quad-equations to the faces of coordinate cube. The system 
is said to be 3D-consistent if three values for X123 obtained from equations on 
right, back and top faces coincide for arbitrary initial data x, Xi, X2, x^. 




X Xj 



Figure 7: A 3D consistency. 

Then, applying discriminant-like operators introduced in [2] 

5x,y{Q) ^ QxQy - QQxy, Sx{h) ^ - 2hh^x, (87) 

one can make descent from the faces to the edges and then to the vertices 
of the cube: from a multiaffine polynomial Q{xi,X2,X3,X4) to a biquadratic 
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polynomial h{xi,Xj) := Sxk,x,{Q{xi,Xj,Xk,xi)) and further to a polynomial 
P{xi) = Sxj{h{xi,Xj)) of degree up to four. By using of relative invariants of 
polynomials under fractional linear transformations, the formulae that express 
Q through biquadratic polynomials of three edges, were derived in [5]: 



A biquadratic polynomial h{x,y) is said to be nondegenerate if no polyno- 
mial in its equivalence class with respect to fractional linear transformations is 
divisible by a factor of the form a; — c or y — c, with c = const. A multiaffine 
function (5(a;i, a;2, xa, X4) is said to be of type Q if all four of its accompany- 
ing biquadratic polynomials are nondegenerate. Otherwise, it is of type H . 
Previous notions were introduced in [5]. 



Lemma 6 Given a biquadratic polynomial 

h{xi,X2) =h22xlx\ + h2ix\x2 + hi2Xixl + h2Qx\ + hQ2x\ + /iiia;ia;2 

(89) 

-I- hiQXi + hniX2 + hoo 
satisfying conditions of strong discriminant separability 

4i (h) = P(x2), 5,, (h) = Pixi) (90) 



where the discriminant 8xi{h) is given with \8'll\j and P{xi) is a nonzero poly- 
nomial of degree up to four in the canonical form. Then, up to fractional linear 
transformations, h is equivalent to: 

(A) for Pa{x) = {Px^ - l){x^ - I), 



X1X2 + h2o{xi + X2) 



4/120 4/120 

V (2/120 - l)(2/i20 + l)(2/i20 - k){2h2o + k) 
± 7^ X1X2, 

^'120 



(91) 



(B) for Pb{x) - e2, e 7^ 



h - h2o{x\ + xl) ± ,/ 1 + Ahl^xiX2 + , (92) 

V 4/7, on 



4/120 

(C) for Pc{x) = .t2 

h = h2Qx\ + /111X1X2 -I- h,^2x\, /ill ~ 4/120/102 = 1, 
h = h22x\x\ + /iiia;ia;2 + /loo, /in — 4/122/100 = 1, 



(93) 
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(D) for Pd{x) = X 

/^ = -^(xi-x,f + ^(.i+x.)-^, (94) 

(E) /or Pe{x) = 1 

/i = /i2o(a;i ± a;2)^ + /iio(a;i ± a;2) + ^00, /i?o " 4/i2o^oo = 1- (95) 

Proof. Proof is done by a straightforward calculation by solving the system of 
equations (|M|) . □ 

With an additional assumption that the coefficients hij are quadratic func- 
tions of parameter a and with condition of discriminant separability, h{xi, X2', a) 
will actually represent discriminantly separable polynomial J-{xi,X2,a)- 

Notations for polynomials Pa{x), ...,Pe{x) should not be mixed with func- 
tions Pi,P2,P3 from previous sections. 

Now, we start with an arbitrary strongly discriminantly separable polyno- 
mial 

T{xi,X2,a) 

of degree two in each of three variables. We are going to construct an integrable 
quad-graph which corresponds to J-{xi,X2,a). In order to define such an in- 
tegrable quad-graph we have to provide corresponding biquadratic polynomial 
h = h{xi,X2) and a multiaffine polynomial Q = Q{xi,X2,X3,X4). 

The requirement that the discriminants of h(xi, X2) do not depend on a, see 
[I]) [2]) will be satisfied if as a biquadratic polynomials h{xi,X2) we take 

?/ X T{xi,X2,a) 
Hxi,X2) := . 

Proposition 10 The polynomials 

hi \ ^{xi-,X2,a) 

h{xi,X2)^ (96) 

satisfy 

S,.,ih) = P{x2), 6.,M = P{xi). 

The list of biquadratic polynomials h(xi, X2) having Pi(x), I — A, C, D, E as 
their discriminants, is: 

(A) forPA{x)^{ex^-l){x^^l), 

{-k'^xj - k'^xl + H- PxlxDa^ + (1 - k'^)xiX2a. 



hA{xi,X2) 



2y/{k^a^ - l)(a2 _ 1) 

fc2 rr>2 ^2 1 

12 



4^(fc2a2 _ i)(^2 _ 1) 
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Remark here that hA{xi, X2) = h from i91\) fo 



— \/k^a'^ — 1 

(B) forPeix) ^x^-e^, e^O, 

~ XiX2a + ^{x\ + xl + - e^) 

hB[Xl,X2) = , „ „ : 

and hB{xi,X2) ~ h from HQS]) for 

e 



2Va2 _ e2 

(C) forPc{x)=x\ 

I I ^ \x\a^ + [ixxX2a + vx\ 2 , 

hci(xi,X2) = , n -4:Xu = l, 

a 

- , , Xx'ixla'^ + fiXiX2a + ly 2 
hc2[Xi,X2) = , - 4Ai^ = 1. 



(D) forPD{x)^x, 

/i_d(xi,X2) 



— {xiX2 + xia + X2a) + \ [x\+ x?, + a^) 



2^^ 

and hoixi, X2) ~ h from for 

, -1 

hii = 

(E) forPE{x)^l, 

hEi{xi,X2) = X{xi + X2 + a)^ + ^J.{xi + X2 + a) + I', — 4Ai' = 1, 
hE2{xi,X2) ~ A(— xi + X2 + a)^ + fJ,{-xi + X2 + a) + ^i^ — AXv = 1, 

hssixi, X2) = A(a;i — X2 + q)^ + lJ.{xi — X2 + a) + ly, /i^ — 4Ai' = 1, 
hE4{xi,X2) = X{xi + X2 - af + ^(.Ti + X2 — a) + — 4Ai' = 1. 

Notice that polynomials hci^ hc2i hsi may be rewritten as ([M|) and (|95p : 

^ci(a;i7 2^2) = Xaxi + 11x1x2 H x^ — X'xf + 11x1X2 + i^'xn, fJ.^ — 4AV = 1 

a 

hc2{xi, X2) = Xaxl + 11x1X2 H xi ~ X'x\ + 11x1X2 + v'x\, fi^ — 4AV = 1 

a 

^Eiixi, X2) = X{xi + X2)'^ + 2aA(a;i + X2) + Xa^ + ^i{xi + X2) + i-La + 
= A(xi + 2:2)^ + (/t + 2aA)(a;i + X2) + Aa^ + + v 
= X{xi + X2f + fi'{xi + X2) + v', fi''^ - 4Aj^' = - 4Ai^ = 1, 
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and, in the same way for hE2 — hEi- 

The final problem of reconstructing quad- equations of type Q which corre- 
spond to strongly discriminantly separable polynomials obtained in Theorem 2] 
is done with a help of formulae ([55]) and polynomials ft,'-' replaced by h^^ . 

Here we take 

h^^ = hi{xi,X2;a), h^^ = hi{x2, X3; (3), h^'^ = ft/(x3, X4; a), h^^ = hi{xi, x^; /3), 
for / A,B,C,D,E. 

Theorem 5 Quad- equations of type Q that correspond to the biquadratic poly- 
nomials 

It F(xi,X2,a) 
h{xi,X2\a) = — - 

are given in the following list: 



- 1 V fc2a2 _ 1 y k^i32 _ 1 



(fc X1X2X3X4 + 1) 



/ /32 _ 1 13^-1 



+ fc2^2^2 „ 1 (^1^3 + X2X4) = 0, 



Qb =V oP- - e^{xiX2 + xzx\) + \/ fP- - e'^{xiX4 + a;2a;3) 

, a\//32-e2 + AA/af-e2 
H (2:1X3 + X2X4) 



e 

Qc ={a )(a;ia;2 + ^32:4) + (/? - o)(^i^4 + 2:2a;3) 

a p 

- {al3 ^)(a:;ia;3 + X2X4:) = 0, 

af3 

Qd =Vctixi - X4)(x2 - a:;3) + \/]3{xi - X2){x4 - X3) 

+ a:;2 + a;3 + X4) 

Qe — X4){x2 — X3) + P{xi — X2){x4 — X3) — aP{a + (3) ~ 0. 

Proof. From (|88|) we get that when 

= hA{xi,X2;a), h"^^ = hA(x2,X3;(3), 
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h^^ = hAix3,X4:;a), /i" = hAixi,X4,;l3), 

corresponding Q is 

Qa = aia;ia;2.T3.T4 + a6(a;ia-2 +X3X4) + a8(a;ia;4 + .T2a-3) + aio(a;ia;3 + .T2.T4) +ai6 
with 



aio/PlR(fc'«'/3' - 1) 
{a^PXiP) + P^PX{a)){k^a^ - 1) 

v/A:2/32 - i(q,2 - /32) 



Recall here that Pa{x) = (fc^x^ — l)(a:;^ — 1). Choosing 



" fc2a2^2 _ 1 

we finally get Qa- 

In the same way for other choices K^^ = hi{xi,Xj), I = B,C, D, E from 
we get expressions Qb-Qe- 

□ 



Remark 2 The list of biquadratic polynomials from Lemma\^ contains the list 
of h's obtained in J^. More precisely replacing 



h-in = — 
2a 



into I191\) it becomes 



h = -^{k^a^xlxl + 2^J PA{a)xiX2 -x\~xl+ a^). (97) 
2a 



Next, with a choice 



1 -a2 
"9^) turns into 



h = ^(xl + xl) - ^.,..2 + (98) 



Finally, for 

hii = -TT- 
2a 
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from [U^ we get 



1 (y. (y.^ 

h=—{xi-X2f--ixi+X2) + —. (99) 



The expressions for h in JBj for P{x) ~ x^ and P(x) — 1 are the same as cor- 
responding h in Lemma\d[ 

In the same manner, the list obtained in Theorem\S\ corresponds with the list 
of multiaffine equations of type Q obtained in 0/; 

sn{a)sn{f3)sn{a + f3){k'^ X1X2X3X4 + 1) — sn{a){xiX2 + X3X4) (100) 
— sn{l3){xiX4 + X2X3) + sn{a + /3)(xia;3 + 2:2X4) — 0, 



{a -a ^){xiX2 + X3X4) + (/3 - (3 ^){xiX4 + X2X3) - {af3 - a ^)(a;iX3 + a;2a;4) 



(101) 



a{xi — X4){x2 — X3) + /3{xi — X2){x4 — X3) — af3{a + /3){xi + X2 + X3 + X4) 
+ aP{a + P){a^ + otP + p^) = 0, 

(102) 



a{xi — X4){x2 — X3) + P{;xi — X2){x4 — X3) — 5aj3{a + /?) = 0. (103) 

To see the correspondence of Qa = and 1100\) we need to write down the 
form of one step before the final solution, which is 

al3"f{k'^xiX2X3X4 + 1) + a{xiX2 + ^3X3) + /?(xiX4 + X2X3) + 7(^1X3 + X2X4) = 

(104) 

where 

^ k^a^P^ - 1 



Then, ilOO]) is obtained from \104^ with a i— > sn[oL), ^ Pa (a) > sn'ip) anc 
similarly for (3. 

If we replace parameters a, j3 in ilOO\) with 



then the correspondence of Qa o,nd is obvious. 

The correspondence of Qb and il01\) with S ~ e^ is achieved with a change 



a — \/ cP' — e^ (3 — \J 13'^ — e^ 



a ^ , (3 h-> 
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Notice here that with the last change we get 



. -1 



a — a I— >■ 

e 

and similarly for (3. 

Finally, a change of parameters 

brings Qd ~ 'into corresponding il02\) . 



Equation Q{xi,X2-,X3,X4) ~ that corresponds to polynomial J- given with 
is obtained in [I]: 



00X1X2X3X4 + ai(xiX2X3 + X1X2X4 + X1X3X4 + X2X3X4) + a2(xiX3 + X2X4) 
+ a2(xiX2 + X3X4) + a2(xiX4 + X2X3) + a3(xi + X2 + X3 + X4) + 04 = 0, 

where eoefficients are 

flo = a + 6, fli = ~(3a — ab, 02 = /?^a + a^b, 

ab{a + b) 2 /o 2 92-., 
"'-^^^^"'^ 

ab(a + b) ,„ ^9 02 > 

53 92 9I 
03 = TT^o - -roi, 04 = — 00-5301, 
2 4 lb 



and 



=4a^ 920-53, = 4/3^ - 52/3 - ff3- 



Previous calculations establish a relation between strongly discriminantly 
separable polynomials in three variables of degree two in each and biquadratic 
polynomials from the theory of quad-graphs which correspond to the diagonal 
elements of table on page 11, paper [2]. Remaining three off-diagonal cases are 
connected with symmetrically discriminantly separable polynomials (see [15j 
and Introduction for the definition of symmetrically discriminantly separable 
polynomials). The next Remark is devoted to that case. 

Remark 3 The three remaining, off-diagonal, biquadratic polynomials obtained 
in the list in 0/ are: 

/ii(xi, X2) = axo ± X1X2 + — , 

4a 

/l2(xi,X2) = ±^(x2 - of =FXl, 

/l3(xi, X2) = Ax| + ^X2 + V, /i^ — = 1, 
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with the corresponding discriminants Sxi{hj), i = 1,2, j = 1,2,3; 

The polynomials hi, /12, /13 obviously do not correspond to strongly discrimi- 
nantly separable polynomials. However, there are symmetrically discriminantly 
separable polynomials which correspond to these cases. (See the Introduction 
for the definition of symmetrically discriminantly separable polynomials.) With 
correlation i96]} . we get for the case of hi: 

J"l(xi,X2,X3) = xlxl ± X1X2X3 + ^ 

with 

V.,,{Fi)^[xl-l)xl, 
V^,{Ti)^{x\^l)xl 
For the case /12, let us consider the next polynomial: 

T2\Xi,X2,X-i) = ± =F Xi 

with 

VxA^2) = 1, 

252-2 (-^2) = xi, 

T^X3{^2) = Xi. 

Finally, for the case h^ we take: 

J^3{xi,X2,X3) = Xxl + ^1x3 + ly, — AXu = I 

with 

V,AT3)^0, 

Vx,iT3)^l. 

Let us underline that the correspondences estabhshed in the current Section, 
provide a two way-hnk between strongly discriminantly separable polynomials 
and quad-graphs. As a benefit, we get a geometric interpretation of biquadratic 
polynomials h from the theory of quad-graphs relating them to pencils of conies. 
Moreover, in the case [A], coded (1,1,1,1), when a polynomial P has four 
distinct zeros, the biquadratic polynomials of quad-graphs correspond to the 
two- valued Buchstaber-Novikov groups associated with elliptic curves, i.e. those 
defined on CP^ 
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6 Some more examples of Kowalevski-type sys- 
tems 



Wc can construct examples of systems of Kowalcvski type using procedure 
described in Section 12.11 cither by choosing functions pi and which satisfy 

with 

fi = y/nr + y/pi-fs, i = 1, 2 
or by applying the method from Lemma [2] on the functions of type 

/, = {x, - a^r^r + {x, - /3,)"'73, t = l,2. 

Example 2 In this example we will find the equations of motion for a system 
that reduces to il5\). il6\) and |_?7| ) with functions fi nonsymmetric on Xi. For 

Pi = {xi + X2f, P2 = (2a;2)^, ri = 1, r2 = 1, 

and 

fi = {xi + 2:2)73 + r, /2 = 20:273 + r 

we get two systems of equations which can be solved in terms of Pi, Pij functions 
following Kowalcvski 's procedure as proposed in Section \2.3l We start from 
assumption that system il5\) is: 

2xi = -i{{xi + X2)r + 73) 
2^2 =«(2a:2r + 73) 

(105) 

ei = — mei 

62 = 77162. 

Let us write down possible first integrals in the form {4S^ . Now, reducing 

{p2ei +pie2 + E){r2ei + ri62 + G) - {F - q2ei - 9162)^ = 
to relation |_?7| ) we get expressions for E, F, G. 
{p2ei + pie2 + E){r2ei + ri62 + G) - {F - 9261 - (?ie2)^ 

= {xi - X2feie2 + i'ixlG + AX2F + E)ei + {{xi + X2fG + 2(xi + X2)F + E)e2 
+ EG - F^ ^ 0. 

By equating coefficients with in the last relation and ( |j7| j with A, G, P as in 
1126]) . \27^ we get the solutions 

/I 2 , o 3 , 52 53 
El = 40:22:1 + 2a:2 + y 2-2 - — 

Fi = F = -32:12:2 - 2x2 - I (106) 
Gi = 22:1 + 22:2, 
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and values E2,F2,G2 which we will not specify at the moment. With choice of 
El, Fi, Gi we get system of differential equations with constant parameter g2 for 
which 

2 A 2 , n 3 , 92 93 , . 2 . i , \2 
r = 40:2X1 + 1X2 + —X2 — + AXoCi + (Xi + X2) 62 

2 2^' (107) 

6162 = 

are the first integrals and that is integrated on four- dimensional submanifold 
given with equations 

rj3 = -3a;ia;2 - 2x1 ~ ^ ~ 2x2ei - {x\ + 0:2)62 

4 (108) 

7I = 2.T1 + 2X2 +61+62. 

Finally, system of differential equations that satisfies these assumptions is 

2xi = -tifxi + X2)r + 73) 
2x2 = i{2x2r + 73) 

61 = — m6i 

62 = TOe2 

32iX2r + 161x273 — l(Sx\m 
^~ 8^^ (109) 

^ixir + 4mxi + 8771X1X2 — 4zrXi — 4x2m 

+ 8^ 

24x2Xir + 16x2X173 + 16x2?- + 4x273 + 252X2^ + 3273 



+ 1 

73 



8r 

™(62 - 61) + %r{x2 - Xi) 



273 

Here with m we denote 

m = -f—, ■ . , „ 1——: -— (4r73(xi - X2)(73(xi + X2) + r)62 

(73(2:1 + X2) + r)-62 - (r + 2x273)^61 

- 873(2x2r + 73)(r + 2x273)61 - I67IX2X1 - 47fx2 - -flg2 - 167^x^r 

- 273^2X2^ + 4r xi — 12xi73r — 12x2r X173 — 20x2^ 73 — 4x2737* 

- 2473X2Xir - 4r^X2). 

Relations |i07[ ) and il08\) lead us to the relation 

( \2 , /r, 3 52 53 s , 3 32 93^ 

(Xl - X2) 6162 + (2Xi - yXi - — )62 + (2X2 ~ -^^2 - ^^^^ 

2 2 52 r , \ 92 n 

- ^1^2 - -7rXlX2 - 93(Xl + X2) - — = 0, 

z lb 

which gives a strongly discriminantly separable polynomial in the form I185\) 
with the procedure described in Theorem]^ 
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Example 3 In the same way is in previous example we can find system of 
Kowalevski type for 

f^ = -+l3xl (z,j)=C.p.(l,2). (110) 

Here for pi^ ri we take 

4 4 1 1 

X2 Xi 

Again reducing 

{p2ei +pie2 + E){r2ei + rie2 + G) - {F - 9261 - '7162)^ = 

to relation (7^ with A, C, P as in ^M^, p7p we get 

77 9'i , 2 , 2\ .92 2 52 2 

El = - yl-^i + ^2) ~ 9:iX2Xi - yXaXi - —xix^ 

2gz[xi + X2) + ^x\xl + xiX2g2 
fi = 



Gi = 



4xiX2 
.93 



and 

g2xlxl{xi + X2) + g2XiX2(,xl + a;^) + 53(2;? + xlf - 8a;?a;i(a;i + X2) 



E2 
F2 

G2 = 



2{xi~X2f 

24xiX2 + 'ix\x2{x\ + X2) — 2g2x\x\ — 2gzXiX2{xi + X2) 
AxiX2{xi — X2Y 
2g3{xl + xl) + 3g2XiX2{xl + x^) 



AxiX2{xi - X2y 

(.Ti + X2){8x\x\ - g3{xi + X2) - 2g2--^ia::2) 
2xlxl{xi — X2Y 
By differentiating relations 

= Ex +P2ei +pie2 

and 

7I = Gi + r2ei + rie2 
together with I1110\} we get equations 

AiXnr — 2x2mxi + 4iX2j3Xi —Aixfr + 2x^mx2 — Aix^^3X2 

r = ei H 62 

4^X1X2 ^rxiX2 

_ (r + Xixl^i + x\x2lz){x2gz + 3^23^132 + Xig'i){x2 - Xi)l 

ArxiX2 

—2mx2Xi + 2ix^r + 21X2X^73 2mx\x2 — 2ix\r — 2ix\x\^-i 

73 = 3—3 ei H 3-^^ 62 

^ ^l^{xl - X2)x2Xig3 
4^73x1x1 
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Finally, by substituting these expressions into the relation obtained by differen- 
tiating 

r-ls. ^ Fi - 9261 - 9162 

we get 

_ 2xl{r + xl^zX2){r'^ + 2a;^73CC2r + xirxl^:^ + 2j^xlxi)e2 

xiX2{x\{r + x\x2'y3,Ye2 - a;|(r + x'lxi'^zYei) 
_ 'ixlir + xl-/3Xi){r^ + 2xl-f3Xir + X2rxl^3 + 2jixlx^)ei 
xiX2{xl{r + x\x2^3Ye2 - x\{r + a;|xi73)2ei) 

(a;i - X2)^lx\x\ 

x-YX2{x\(r + x^a::273)^62 - x\{r + a;|a;i73)2ei) 
{x\x\g2'^3 + 2:10:2.9373 + a:? 2:25273 + 20:10:23373 + 2x\x\r + 2:10:23373 
+ xiX2g2r + gsrixi + 0:2)). 

This way, we got system of Kowalevski type with two constant parameters 52,33- 

Remark 4 The systems of equations described in previous Examples all reduce 
to i25 \) - (27^ . Thus the procedure of integration may be completed in the way 
shown in Section i2.3\) . We get xi and X2 in terms of p-function and then, from 
the first integrals we can express other variables in terms of functions Pi 
and Pij , i, j = 1,2,3, either by use of the Kotter trick, or following Kowalevski- 
type procedure. How to express the functions Pi and Pij, i,j = 1,2,3 in terms 
of theta- functions, we are going to demonstrate in the following Appendix. 
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7 Appendix: Theta-functions formulae 



Here we will give explicit formulae for the functions 

Pi 1 Pij J * J .7 = 1 7 • • • 7 5 , 

defined in (^51 [50]) . in terms of genus two theta-functions. More about deriva- 
tion of these formulae, one can find in [S], 

First, for reader's sake, we give a very brief introduction to a modern expo- 
sition of theta-function theory. More on this topic one may found in [T^ or [37] 
for example. 

Let r be a compact Riemann surface of an algebraic function w = w{z) that 
satisfies 

R{w, z) = + ai(z)u;""^ + ... + a„(z) = 0, 

where ai{z) are polynomials in z with complex coefficients. As a special cases, 
we single out hyperelliptic curves which can be given with an equation 

W^^P2g+l{^), (111) 

or, with 

W^=P2g+2iz), (112) 

where P2g+i{z) and P2g+2{z) are polynomials without multiplied roots of degree 
respectively 2g + 1, 2g + 2. Hyperelliptic curves described with (|llip or (|112p 
are of genus g, g > I. When g = 1 corresponding curve is called elliptic. 

We can fix a canonical basis of cycles ai, 6i, a^, 6g on a surface T of genus 
g such that 

tti o Qj = bi o bj ^ 0, Qi o bj = 6ij . 

For a given canonical homology basis, we choose the corresponding g-dimensional 
basis of normalized holomorphic differentials w^, i — 1, such that 




The &-period matrix is then defined to be 

Tjk = ® Wfc (113) 

and it is a so-called Riemann matrix. Recall that the Riemann matrix is a 
symmetric square matrix whose imaginary part is positive definite. The inte- 
grals specified above are called normal elementary integrals of the first kind. A 
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general integral of the first kind is their linear combination. 

The basic vectors e^-, fc = 1, g of and vectors Tk which are the columns 
of the matrix pi3p generate a lattice 

a 

k=l 

The quotient space 

j(r) = CVA 

is topologically a 2g-dimensional torus, and it is called the Jacobian variety of F. 
The Abel map A:T^ J(r), A{P) = {Ai{P), Ag{P)) is then defined by 



MP)= I 

J Pa 



p 



and Pq is a fixed initial point on the Riemann surface. If g > 0, the Abel map 
is embedding of T into J{T). 

The Abel map is extended to arbitrary divisors T) — ^ kjPj as follows 

A(2?) = ^fc,A(P,). 

Now, we can state Abel's theorem: Divisor T) of degree is the divisor of a 
meromorphic function if and only if A{'D) = 0, (where = denotes matching up 
to the lattice A). As another formulation of the Abel theorem one can say that 
two divisors 2? and V arc linearly equivalent if and only if degV ~ degV and 
A{V) = A{V'). 

The Riemann theta function associated to the matrix r is the following 
function of g variables: 



27r2(2,m)+7r2(rm,m) 



where m = {mi, ...,mg), {z,m) = zimi + 22"^2 + ••■ + ZgUig and 
(rm, m) = Tumimi + ri2mim2 + ... + Tggmgnig. 

When the matrix t is fixed, then 0{z\t) is denoted simply with 6{z). It has 
the following properties: 

6{z\t)^6{-z\t), 
e{z + ek\T) = 6{z\T), 

e{z + tu\t) = e-2'^'"'=-'^*^"-6'(z|r), ^ ' 

0{z + m + rn|r) = p-2Mn,z)~ni{rn.n)Q(^^^^-^^ m,n £ ZS. 
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Theta function with characteristics is introduced with 

with a = (ai,...,ag), (3 = {/3i, (3g). Characteristics [a,/3] with ah coordinates 
ai,Pj equals to or i are caUed half-periods, even for A{a, (5) = (mod 2) and 
odd half-period in opposite case. 

Consider now for a fixed vector e = (ei, Cg) S the function 

FiP) = 6{A{P) - e) 

with A{P)- the Abel map with a base point Pg- For F{P) not identically zero, 
the equation 

e{A{P) - e) = 
has g zeros Pi, ...,Pg. Then on J(r), the relation holds: 

v4(Pi,...,P<,) = e-/C, 

where IC is the vector of Riemann constants. 

Following Kowalevski, now we will derive the formulae from which one can 
express Pi,Pij functions in terms of 6 functions for hyperelliptic curves. 

Let R{x) denote a polynomial in x of degree 2p + 1 with real roots 

R{x) = Ao{x - ao){x - ai)...{x - a2p) 

where we assume qq > ai > ... > a2p if > and if < then we assume 
ao < ai < ... < a2p. The corresponding hyperelliptic curve of genus p is defined 

by 

C:y^^ R{x). 

Suppose that p variables ui,...Up and xi,...,Xp are related by the following 
equations: 



Fi{x)dx Fi{x)dx r" Fi{x)dx 



ai \/R{x) Jas \jR{x) Ja2,-i \/ R{x) 

(115) 

Fp{x)dx Fp{x)dx r- Fp{x)dx 



Ui 



ai \/R{x) J as \/R{x) Ja2p-i \/ R{x) 

Here Fi{x), ...,Fp{x) are polynomials of degree less than p. Let us introduce 
integrals 

Fo.ix)dx r-^-' F^{x)dx 



a2l3-l \/ R{x) ^0.213-2 \/R{' 
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and 

iK'^^ = iK^i + ... + iK^_,y. 
New variables wi, ...,Wp are then defined with equations 

Ml = 2KiiVi + ... + 2KipVp 

Up = 2KpiVi + ... + 2KppVp. 
Assume that these equations solved in vi, ...,Vp are written in the form 

vi = Giiui + ... + GipUp 

Vp = Gpiui + ... + GppUp. 

Kowalevski defines 

Tap = 2l{GiaKip + ... + GpaKpp) 

and she introduees a funetion 

e{vu-.vp) = e{v\T). 

We are taking some notation from [24] : 

vp)y, = e{v + hl^ + i^vVlr), A = 0, 1, 2p, 

where the coordinates of integer vectors M'^ = (m;^,...,mp) and A^'*' = (rt^, n^) 
are determined with equation 

FJx)dx . ^ , , X , , 

Now, let A and /z denote two different numbers from 0, 1, 2p. Define vectors 
of integer numbers M'^ — (m'j', mp, N'^ ~ {n'^,...,np) by next congruences 

mj^ = TO^ + (mod 2) 

<EEn^+< (mod 2) 

with additional condition that each m'^ is equal or -1 and each n'^ is equal 
or +1. Finally, denote 

^(^^1, vp)x^ = 0{v + + ]^N,t\t). 

For more informations about these notations and deriving formulae (|116p - 
pl8)) we refer to [5]. 
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To express the functions Pi, Pij, we use the following formulae: 



v/i^^FT)MaU _ 9{vi...Vp) 



p)2a 



i/R'{a2a) 



ivi...Vp) 

{vi...Vp)2a-l 



(Vl-Vp) 

_ 9{vi...Vp)9{vi...Vp)xp, 



(116) 
(117) 



^0 {Xa - ax){Xa - ap)ip'{Xa) 9{vi...Vp)x9{vi...Vp)p' 

(118) 



where R{x) = Ao{x — ao){x — ai)...{x — a2p), 
or < and 0(a;) = {x — xi)...{x ~ Xp). 



±1 depending whether > 



The system of differential equations that we integrate is of the form of the 
Abel map for a genus two curve 



2dt = dui = 

= du2 = 



si dsi 
dsi 



S2 ds2 
VW2) 

ds2 



Then vi, V2 are linear functions of time, the polynomial R{x) is represented here 
by a polynomial $(s) of degree five, and 0(s) = (s — si)(s — S2). 

Next, we use the following relations connecting ratios of the even theta 
functions of genus two for zero values of arguments, the theta-constants, derived 
in[5]: 
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Finally, we can formulate the relations: 

C C5C0 0o{vi,V2) 

^/az - ai C01C03 0^{vi,V2)'' 
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^/{sl - ao)(.si - a2)(si - a3){s2 ~ ai)(s2 - a^) 



Sl - S2 



^ (si - Qi)(.si - a4)(52 - ao)(s2 - a2){si - 03) _ C5 Q\Akv\,v-i) 

Sl - S2 C34 6'5(ui,W2) ' 
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We will demonstrate how these relations are obtained on two examples. 
First, for \J{si — a3)(s2 ~ ^3): from (|117|) . it follows that 

\/(si - a3)(s2 - 03) = \J^{az) = -i^J^'{a-i) ^^^^^"^'^\ . 

()5{V1,V2) 

Using the proportion (|119p we get 

C C0C2C4 SC03C23C34 
(03 - aij- 



^03 - ai C01C12C14 C0C2C4 

' (04 - a3)(a2 - a3)(a3 - uq) 



(03 - ai) 



(oi - 03)^ 



= v/ (03 - ao)(a3 - ai)(a3 - a2)(a3 - 04) = 

As the second example, let us derive one of the formula for Pij. From 
previous expressions for {si — ai){si — aj) we have: 
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Finally, using relation (jllSp . we get 
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Notice here that the zeros oq, ...,04 of the polynomial i? — $ in the cases 
of systems of Kowalevski type mentioned in previous Sections, were denoted by 
^1)^2, ^3, fc, — fc- By Pi we denoted a/ (si — li){s2 — li) for i = 1, 2, 3. The expres- 
sions in terms of theta- functions depend on the order of the roots Ii,l2,l3,k,—k, 
since we assume from the beginning of this Appendix that the zeros ao,...,a4 
are numerated according to their order. 
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